We experimentally verify the link existing between entanglement and the amount of wave-particle duality in a bipartite quantum system, with superconducting qubits in the IBM Q quantum computer. We analyze both pure and mixed states, and study the limitations of the state purity on the complementarity "triality" relation. This work confirms the quantitative completion of local Bohr's complementarity principle by the nonlocal quantum entanglement for a bipartite quantum system.
INTRODUCTION
In 1924, physicist Louis De Broglie developed the theory of electron waves [1] , coming up with the idea that particles behave like waves. This discovery is with no doubt one of the most stunning ideas in physics. Indeed, four years later, Niels Bohr formulated his principle of complementarity [2] dealing with this non intuitive property of Nature. It is possible to detect particle and wave characteristics of a single quantum object, but it never behaves fully like a wave and a particle at the same time. This idea was democratised by Richard Feynman in 1965, who underlined the strangeness of the so called wave-particle duality: "a phenomenon which is impossible, absolutely impossible, to explain in any classical way, and which has in it the heart of quantum mechanics. In reality, it contains the only mystery" [3] . Experiments were in particular conducted with fermions and photons (see e.g. [4, 5] ), typically with double-slit setups, where a single quantum object has two possible paths, before to reach a screen where its position is measured. Knowing which path the object took indicates the object is a point-like particle, whereas observing an interference pattern on the screen, formed by the detected positions of the particles when the experiment is repeated, is the manifestation of the wave characteristic of the object, which apparently passes through both slits at once.
Wave-particle duality was described quantitatively by Wootters and Zurek [6] in 1979 before the derivation of a mathematical description of Bohr's principle in 1988 by Greenberger and Yasin [7] for a single particle,
where V, P ∈ [0, 1] are the a priori fringe visibility and which-way predictability, commonly associated to the waviness and the particleness of the quantum object. It was later extended by Englert [8] and, independently by Jaeger, Shimony, and Vaidman [9] , for bipartite systems by relating the visibility of one-particle interference fringes to the visibility of two-particle fringes. The analysis of the experiments for which relation (1) holds can thus be significantly different and easily induce misleading representations. For this reason, Englert [8] introduced a more prudent definition of the notion of (waveparticle) duality, i.e. "the observations of an interference pattern and the acquisition of which-way information are mutually exclusive." These relations were experimentally fulfilled for single particle complementarity by Jacques et al. in 2008 [10] and for bipartite complementarity by Ma et al. in 2009 [11] .
One can already see that the relation of duality (1) seems to have a weakness: it is an inequality, hence it is incomplete, in the sense that it only bounds possible physical predictions. Indeed, P can be deduced from a measurement of V only in the V = 1 case, and vice versa. The case of V = P = 0 highlights in a more striking way the incompleteness of relation (1), calling at least for a third variable. Saying that wave-particle duality is the most counter intuitive phenomenon of quantum physics is forgetting about quantum entanglement [12] that gives rise to nonlocal correlations, what Einstein called "spooky action at a distance". It has been a strong source of debate among physicists since the the early ages of quantum physics, the most famous being the EPR argument [13] published in 1935 by Einstein, Podolsky and Rosen, which argues in favour of the lack of completeness of the quantum theory as a description of physical reality, precisely because of its nonlocal predictions. EPR led to a considerable amount of discussions until experiments, in particular the Bell inequality violation by Aspect et al. [14] in 1982, resulted in the agreement of the vast majority of the community. Until today, theoretical predictions were confirmed in various ways and large scales, see e.g. [15, 16] . In a wave-particle duality experiment, the measurement configuration seems to dictate a priori the waviness or particleness of the quantum system, as if the system would adapt to the choice of measurement. Delayedchoice gedanken experiments [17] , in which the waviness or particleness measurement choice is delayed at a late stage of the experiment, were proposed and experi-mentally verified to question the previous interpretation: Wheeler's delayed-choice duality [18, 19] , delayed-choice quantum erasure [20] [21] [22] and delayed-choice entanglement swapping [23] . These experiments yield to the conclusion that to interpret the observation of one quantum system, one has to include the whole experimental system and the complete quantum state, potentially describing joint properties with other systems [17, 24] . For instance, interestingly delayed-choice entanglement swapping experiments brought to light an entanglement-separability duality for bipartite or multipartite systems [23] .
It has been shown recently by Jakob and Bergou [25, 26] that in the case of a bipartite and multipartite quantum systems, a complementarity relation holds between quantum entanglement and (wave-particle) duality. While it comes as no surprise that this new equality involves both local and nonlocal quantities, it turns out to solve the incompleteness of (1). In their proposal, duality complementarity determines entanglement in the bipartite system as a property which mutually excludes any single-partite reality.
We propose the experimental verification of this so called triality relation for a bipartite quantum system of superconducting qubits with the IBM Q quantum computer, harnessed by the progress in accessible quantum technologies.
QUANTUM WAVINESS, PARTICLENESS AND ENTANGLEMENT
Consider a general pure state of two qubits,
with α, β, γ, δ ∈ C satisfying the normalization
The state (2) can be characterized by its density matrix,
By convention, the first and second qubits will be respectively called qubit A and qubit B. The corresponding reduced density matrices of subsystems A and B are
and
Three central quantities [25] can then be derived.
First, the concurrence, defined in the bipartite pure case by
The concurrence is a measurement of the amount of entanglement between two quantum systems [27, 28] as it is a monotone of the entanglement of formation, E f , which is a measure of entanglement based on the separability criterion: E f = 0 if and only if the density matrix can be written as a mixture of product states. Both C and E f take the value one for maximally entangled states. Second, the coherence V k between the two orthogonal states |0 and |1 of the qubit k, which is therefore a quantity related to a single qubit. It is directly proportional to the norm of the off-diagonal elements of its density matrix, and reads
Note that the counterpart of coherence in an interference experiment is the visibility. Third, the predictability P k , which quantifies the knowledge of "which proportion" of the system k is in the state |0 or |1 . It is defined by
The predictability is analogous to the which-path information in an interference experiment.
By replacing the definitions (4 -6) in eqs. (7 -9) it is easy to show that
One notices that the right-hand side of (10) is nothing else than the norm of the state (2) raised to the power 4. Thus, one can conclude that for a pure state [25] ,
Note that (11) remarkably claims that for a pure state of two qubits, the amount of entanglement strictly pilots the amount of duality of any qubit of the pair, namely V 2 k + P 2 k , k = A, B, which has the same value for both qubits.
In order to create a tunable state in term of its V k , P k and C , we propose a simple circuit shown in Fig. 1 . The circuit prepares the state (see Appendix A)
and then performs tomography allowing to retrieve the density matrix of the quantum state [29] . Using this circuit, the IBM qasm simulator allows to check the equality (11) for a pure state of two qubits of the form (12), as reported (for qubit A) in With the aim of performing the experiment on the real quantum computer, a noisy intermediate-scale quantum (NISQ) computer [30] , formulas need to be extended to mixed states. For a mixed state with density matrix
where |φ j are pure states composing the complete state with probability p j , it is possible to measure the concurrence [31] by defining the spin flip matrix
and the matrix
The concurrence is given by
where r 1 ≥ r 2 ≥ r 3 ≥ r 4 are the eigenvalues of R(ρ). Using expressions (14) to (16) allows to compute the concurrence of the pair of qubits from the tomography step.
The coherence of the qubit k in the mixed bipartite case [32] is given by
where σ (k) + = 0 1 0 0 is the raising operator acting on qubit k. It can be written as
which, for a pure state, is equivalent to (8) thanks to the hermiticity of the density matrix. Similarly, the predictability (of the state) of a qubit [32] is given by (9) in the case of a two-qubits mixed state.
Given the possibility to compute the quantities for a mixed state, we can now perform the experiment with the real qubits. For this, the backend ibmqx2 is used [33]. The measurement is repeated 10 times for each of the thirteen states in order to calculate confidence bounds, and the number of shots is set to 1000 for each measurement. We are expecting to observe
because of the mixedness of the state [25] , the experimental values being limited by decoherence and noise. Nevertheless, the measurements on the real backend can be simulated using a noise model, directly constructed from the real backend properties thanks to methods from Qiskit Ignis [34] . The IBM qasm simulator is thus used to simulate the noise and decoherence taking place in the ibmqx2 backend used for the experiment (see Appendix C).
The measured data is then normalized with respect to the noise simulation. More precisely, the mean value of each point along axes V A , P A and C is normalized with respect to the corresponding value in the noise simulation. Confidence bounds are taken as 4-σ along each axis, from the measured data distribution for each state, considered to be normal in every direction. This results in confidence ellipsoids visible in Fig. 3 . From this result, one sees that the normalization allows to verify (11) . The noise model could accurately simulate errors due to decoherence and noise accounting for the mixedness of the prepared states, the tomography step as well as the eventual readout errors.
In contrast, looking at the raw data (see Appendix C), one can see that the measurement of the three quantities for the thirteen states give lower values than expected for a pure state (Fig. 2) . This drop is particularly consequent for C . It seems that it is the most delicate and sensitive to decoherence among the three quantities. In fact, it is possible to quantify the drop of concurrence which is due to the mixedness of the state. Indeed, such an upper bound on concurrence can be computed [35] . Following the notation of Wooters for the two qubit case [28] , this upper bound on concurrence, quantifying the maximal entanglement reachable with a given state purity, is given by
with λ 1 ≥ λ 2 ≥ λ 3 ≥ λ 4 the eigenvalues of ρ. In other words, C max is the maximal concurrence a state can reach, knowing the eigenvalues of its density matrix. The drop of concurrence in our experiment is especially visible using the ibmqx4 backend: Fig. 4 shows that the raw measurements [36] of C are constrained and reach their highest value (P k = V k = 0) close to the maximal concurrence bound C max . Therefore, we identify it as the principal cause of the flattening of the sphere along the C axis observed in the raw data, and this cannot be improved by any mean except increasing the state purity. Finally, the ratio C ibmqx4 C simulator appears to stay constant as P A varies. More precisely, the comparison of the value of the real machine with respect to the simulator indicates that C ibmqx4 ∼ = 0.6 · C simulator . One could say that the efficiency in the preparation of an entangled state is constant, while the preparation of an entangled state decreases the purity, in its turn limiting entanglement.
CONCLUSION
Our work contributes to experimentally verify the quantitative completion of local Bohr's complementarity principle by quantum entanglement for a bipartite quantum state as proposed by Jakob and Bergou [25, 26] . The measurements on the two real superconducting qubits, together with simulations using the backend noise model, show that the duality of each qubit can thus be turned off completely, or set to any desired amount by controlling the degree of entanglement. Introducing concurrence, a quantitative entanglement measure, to complete the usual wave-particle duality relation gives birth to the more general complementarity "triality" relation of Jakob and Bergou [25] , V 2 k + P 2 k + C 2 = 1. It involves three physical quantities, two of which are local (referring to the subsystem k), which can be seen as mutually exclusive modulo a nonlocal quantity C (V 2 k + P 2 k = 1 − C 2 ). Clearly, the triality relation can be separated in a local and nonlocal part as
with S 2 k = P 2 k + V 2 k . Maximal entanglement of the bipartite system simply conjectures that the local realities totally disappear, synonym of maximal amount of nonclassical nonlocal phenomena such as violations of Bell inequalities. Given the large context of this experiment it is important to remind the nature of the relevant quantities. In particular, as interferometric experiments on complementarity in bipartite systems have to deal with two-particle visibility in addition to single-particle visibility of interference fringes, see e.g. [37] , we draw attention to the fact that the two-particle visibility would correspond to the concurrence in our experiment. Indeed, it was shown that the visibility of two-photon interference fringes in a Young double-slit experiment is controlled by the degree of entanglement [38, 39] , which can be easily understood as interference between two particles intuitively does not appear unless they are correlated.
Finally, such experiments with the superconducting qubits of the IBM Q quantum computer could be extended to the study of the dynamical evolution of quantum correlations, particularly entanglement [40] , and could be performed with larger multipartite entangled states [41] or other physical systems [42] . It can be expected that studies of those relations which are fundamental in quantum mechanics will lead to applications in quantum information.
The left-hand side of the circuit in Fig. 1 prepares the state |ψ = cos α 2 |00 + cos θ 2 sin α 2 |10 + sin θ 2 sin α 2 |11 , by applying the unitary transformation
According to equations (7 -9) , such a unitary operation acting on the state |00 allows the five quantities V k , P k (with k = A, B) and C to reach their extremal values, i.e. 0 and 1. To verify it, the parameters of the circuit are set to random angles α, θ ∈ [0, π]. The outcomes of the simulations are matching the analytical expressions for V k (α, θ), P k (α, θ) and C (α, θ). This is shown in Fig. 5 in the case of qubit A. 
Appendix B: maximum entanglement versus purity
It is interesting to note that eq. (20) excludes any concurrence for a state for which Tr(ρ 2 )< 1 3 . Fig. 6 accordingly highlights the existence of a threshold value of the state purity under which concurrence cannot exist. These measurements were computed with the simulator, varying the amount of noise (readout errors) to change the purity. The presence of the threshold value explains that it sometimes actually happened that our circuit running on the real IBM machines provided a fidelity of state preparation which was too poor to get any concurrence, preventing any attempt to conduct the experiment.
In accordance with Fig. 6 , we expect C to equal C max for a maximally entangled state, a necessary condition to refer to C max as an upper bound to entanglement. , θ = π) as purity varies.
Appendix C: measured data and noise simulation
Raw data and the corresponding noise simulation used to normalize the measured data are plotted in Fig. 7 . One can see that the noise simulation effectively simulates the noise present on the real quantum computer, which manifests itself as a drop of the three studied quantities, and especially affects concurrence. 
